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I -INTRODUCTION
The new c l a s s of c r y s t a l s t r u c t u r e s generally i n d i c a t e d by-the name of q u a s i c r y s t a l s shares t h e fundamental property of a l l other c r y s t a l s known s o f a r of having Fourier wave vectors e x p r e s s i b l e a s i n t e g r a l l i n e a r combination of a f i n i t e number of fundamental ones. When these basis wave vectors a r e l i n e a r l y independent onL t h e r a t i o n a l s but l~i n e a r l y dependent on t h e r e l a t t l c e p e r i o d i c i t y is l o s t , t h e c r y s t a l i s aperiodic ( a t l e a s t p a r t i a l l y ) commonly 'called incommens~irate.
'Quasicrystals belong t o t h i s c l a s s .
By bringing t h e fundamental wave vectors i n 1-to-1 correspondence with t h e b a s i s vectors of a l a t t i c e i n a higher dimensional Euclidean space ( c a l l e d superspace), it is possible t o embed the' whole c r y s t a l s t r u c t u r e and t o recover space group symmetry even i n t h e incommensurate gase. I n present superspace appr'oach t h e o r i g i n a l s t r u c t u r e is r e l a t e d t o t h e embedded one by orthogonal projection_ i n Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1986309
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The c r y s t a l l o g r a p h i c symmetry of q u a s i c r y s t a l s has a l s o been recovered by embedding i n a higher dimensional Euclidean space following methods developed f o r t h e a l g e b r a i c c h a r a c t e r i z a t i o n of aperiodic t i l i n g of t h e Penrose type /3/. One of those methods, t h e so-called d i r e c t projection approach, i s conceptually very s i m i l a r t o t h e superspace one, but involves projection and i n t e r s e c t i o n i n t h e reciprocal as well as i n the d i r e c t space. It has been shown by Janssen t h a t t h e two methods a r e a c t u a l l y equivalent /4/. I n t h e superspace approach, q u a s i c r y s t a l s appear as modulated c r y s t a l s having discontinuous modulation l i n e s and a b a s i s s t r u c t u r e not n e c e s s a r i l y commensurate. Physically speaking, t h i s can be expressed by saying t h a t t h e Bragg r e f l e c t i o n peaks of the d i f f r a c t i o n p a t t e r n of a quasicrystal do not s p l i t ( i n general) i n t o a subset of 'main r e f l e c t i o n s ' on a r e c i p r o c a l l a t t i c e and one of additional s a t e l l i t e r e f l e c t i o n s a t incommensurate positions.
Accordingly, q u a s i c r y s t a l s represent a new c l a s s of incommensurate c r y s t a l s t r u c t u r e s . This opens the p o s s i b i l i t y of point group symmetries which a r e c r y s t a l l o g r a p h i c i n a higher dimensional space only, a s it has been observed i n icosahedral quasi c r y s t a l s .
There is another new f e a t u r e , not shared by a l l q u a s i c r y s t a l s but t y p i c a l f o r those of the Penrose type: t h a t of being a s s o c i a t e d with an hypercubic l a t t i c e , d e s p i t e t h e f a c t t h a t t h e d i f f r a c t i o n p a t t e r n i n space never has t h e f u l l hypercubic point group symmetry. The relevance of higher dimensional isometric l a t t i c e s has always been a basic concern within t h e superspace approach because not occurring f o r incommensurate c r y s t a l s with main r e f l e c t i o n s on l a t t i c e positions mapped onto themselves by symmetry transformations .
This paper i s a preliminary i n v e s t l g a t i o n on t h e metrical r e l a t i o n s one can a s s o c i a t e t o t h e embedding of an incommensurate c r y s t a l s t r u c t u r e . The considerations are r e s t r i c t e d t o a 2D embedding of 1D q u a s i c r y s t a l s and t h e a t t e n t i o n is focussed on l a t t i c e symmetry. The point group and t h e space group
symmetry of the embedded s t r u c t u r e , a s well as the 2D and 3D q u a s i c r y s t a l case represent t h e next s t e p s .
I1 -SUPERSPACE EMBEDDING
Considered is a 1D q u a s i c r y s t a l described by t h e density d i s t r i b u t i o n :
where n l , n2 a r e i n t e g e r s , a l , a 2 have an i r r a t i o n a l r a t i o and C(nln2) is a c h a r a c t e r i s t i c function taking values 0 and 1 and ensuring a f i n i t e minimal distance between atomic positions as well as an i n f i n i t e c r y s t a l extension.
These conditions can be r e a l i z e d by the so-called d i r e c t p r o j e c t i o n method, where points of a 2D l a t t i c e within a s t r i p of width D a r e projected perpendicularly t o t h e 1 D c r y s t a l l i n e . A l a t t i c e b a s i s a l s , a2s then p r o j e c t s onto al and a 2'
r e s p e c t i v e l y , and decomposes according t o :
with aiI t h e so-called i n t e r n a l components, and a . t h e e x t e r n a l ones. Choosing appropriate i n i t i a l conditions one then has :
with 0 a s t e p function a t t = 0. I n such a case t h e Fourier components of p ( r ) a r e
given by:
Y * with z , , z 2 i n t e g e r s and a l , a2 t h e ( e x t e r n a l ) space components of t h e r e c i p From eq.(4) follows t h a t such a q u a s i c r y s t a l s a t i s f i e s t h e conditions f o r Z-module crystallography /5/.
Knowing t h e c r y s t a l s t r u c t u r e and its d i f f r a c t i o n p a t t e r n , t h e r e c i p r o c a l Y *
f r e e Z-module M * = { a l , a2} follows from the positions of the Bragg peaks; the d i r e c t one M = [ a l , a2] from the possible atomic positions. Furthermore, from t h e s e t of i n t e n s i t i e s described by ? ( z l z 2 ) one g e t s ~a y~ and ~a g~, and from the s e t of 
These parameters a r e t h e same as those considered by Socolar and S t e i n h a r d t /6/. I n t h e i r paper q u a s i c r y s t a l s a r e considered having atomic positions a t with n i n t e g e r , a, 6 and p r e a l , a i r r a t i o n a l and l....l the g r e a t e s t i n t e g e r function. Denoting by 0 t h e angle between a l s and t h e e x t e r n a l space d i r e c t i o n , and by q5 t h a t between a l s and a2s, t h e same positions can be expressed by:
which implies eq.(8) f o r a ? = a. The a d d i t i o n a l parameters a and 8 not considered above i n t h e metrical r e l a t i o n s f o r t h e l a t t i c e embedding do not modify t h e l o c a l isomorphism c l a s s of the q u a s i c r y s t a l , which is f i x e d by a and p. A s explained i n /6/, a determines t h e r e l a t i v e frequency of t h e two spacings a and a(1 + l / p ) between neighbouring atomic positions i n t h e q u a s i c r y s t a l sequence. 
The only a d d i t i o n a l parameter (up t o t h a t of a u n i t of l e n g t h expressed by a
I11 -TWO DIMENSIONAL BRAVAIS LATTICES I t is not self-evident t h a t 2D Bravais l a t t i c e s can be r e l e v a n t f o r t h e embedding Of
1D q u a s i c r y s t a l s . Let us nevertheless consider t h e conditions imposed by t h e embedding i n t o one of t h e f i v e 2D Bravais l a t t i c e s , disregarding i n t h i s exploratory paper t h e question of a r i t h m e t i c equivalence (expressing t h e freedom i n choosing t h e l a t t i c e b a s i s ) .
No conditions a r e imposed by an Oblique l a t t i c e . Those f o r g e t t i n g a Rectangular l a t t i c e can be expressed by als.a2s = 0, implying A s one can s e e from e q . ( 9 ) one can choose o, p > 0 without l o s s of g e n e r a l i t y .
Therefore any I D q u a s i c r y s t a l as above admits a rectangular embedding. This i s , however, not t h e end of t h e s t o r y , a s i n superspace embedding t h e d e s c r i p t i o n may influence t h e s t r u c t u r a l r e l a t i o n s made e x p l i c i t / 7 / .
The condition f o r g e t t i n g a Diamond l a t t i c e can be c a s t i n t o a: s = a: s leading t o t h e r e l a t i o n :
implying t h a t u2 and p2 both have t o be e i t h e r l a r g e r or smaller than one. It appears t h a t , i f not already t r u e , t h a t condition can be managed by changing t h e s i g n of p, i . e . interchanging the r o l e of short and long i n t e r v a l s . Therefore a diamond embedding is a l s o always possible.
One g e t s s t r u c t u r a l conditions i n terms of o and p only, f o r t h e embedding i n t o t h e two isometric Bravais l a t t i c e s , t h e square and t h e hexagonal one.
A Square l a t t i c e s a t i s f i e s both e q s . ( l 2 ) and (13) leading t o the condition:
The parameter A i n e q . ( l 4 ) has been introduced because i t appears i n t h e corresponding c h a r a c t e r i s t i c equation determining t h e i n f l a t i o n r u l e of t h e q u a s i c r y s t a l ( f o r A r a t i o n a l ) /8/. I n t h e case of o = p the c h a r a c t e r i s t i c equation is given by:
which l e a d s t o t h e parametrization:
The corresponding i n f l a t i o n r u l e i s Cn+, = c $~-~ . For A = 1 one obtains t h e well-known Fibonacci t i l i n g .
I n t h e case of an Hexagonal l a t t i c e , one can consider it as rhombic with an angle 4 = ~/ 3 , i . e . als.a2s = %a:s =
This implies:
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One then g e t s t h e s t r u c t u r a l condition f o r hexagonal l a t t i c e embedding:
The is t h e r e f o r e e x p r e s s i b l e i n terms of t h e same fundamental p e r i o d i c i t i e s a s i n t h e previous d e s c r i p t i o n , a s i t should be.
From eq.(21) i t follows furthermore t h a t t h e l a t t i c e distance i n t h e average s t r u c t u r e (which is the b a s i c s t r u c t u r e a l s o ) i s given by:
Consider now a r a t i o n a l approximation f o r a, and denote, a s conventional, t h e two spacings between neighbouring positions of t h e q u a s i c r y s t a l by: a = S and
Then f o r t h e u n i t c e l l i n t h e s u p e r s t r u c t u r e approximation one has: n S + n L = (nS + nL) A, nS and nL i n t e g e r s . S L
One f i n d s indeed t h a t o expresses t h e r e l a t i v e frequency of S and L i n t e r v a l s V -AN EXAMPLE: PYRRHOTITE
The c r y s t a l s t r u c t u r e of P y r r h o t i t e , Fel-xS is t h a t of a modulated c r y s t a l involving displacive as well as occupational modulation. The modulation wave vector q is oriented along t h e hexagonal a x i s of t h e average s t r u c t u r e and r e l a t e d t o t h e compositional parameter x i n a simple way:
Such a compound i s denoted a s NC-Pyrrhotite. I n general, i t is thus an incommensurate c r y s t a l . Its (3,l)-dimensional superspace group symmetry has been determined, a s well as the c h a r a c t e r i s t i c s of the modulation waves /9/. Here the displacive p a r t only w i l l be considered. I t appears t h a t , within a good approximation, neighbouring Fe atoms along t h e c-direction involve two i n t e r v a l s only. Disregarding t h e other two c r y s t a l l o g r a p h i c axes ( l y i n g i n t h e hexagonal plane), P y r r h o t i t e can t h e r e f o r e be described a s a I D q u a s i c r y s t a l . I n r e f . /9/ the N = 5.5 case is considered i n more d e t a i l ; within t h e unit c e l l t h e r e a r e 9 l o n g and 2 s h o r t i n t e r v a l s having r a t i o approximatively 1.0357. Therefore, f o r ensuring t h e conventions adopted above ( o and p p o s i t i v e ) one has t o choose q = 9 c w / l l i n s t e a d of 2c*/11 a s i n eq.(26). One then g e t s t h e following s e t of parameters f o r t h e 5.5C Pyrrhotite:
n s = 2 . n L = 9 , o =11/9 and p -28 .
Embedding i n t o both t h e rectangular o r t h e rhombic l a t t i c e is possible, but embedding i n t o t h e isometric ones, square o r hexagonal, i s excluded. Indeed both t h e e q s . ( l 6 ) and (20) a r e not s a t i s f i e d . The same conclusion follows from t h e data one g e t s by choosing t h e q = 2c*/11 d e s c r i p t i o n .
V I -FINAL REMARKS
The standard embedding of a modulated s t r u c t u r e a s i n eq. (21) s o t h a t o n l y t h e r e c i p r o c a l 2-module M* = a;{l,o} appears. On t h e c o n t r a r y , t h e canonical q u a s i c r y s t a l embedding of eq.
( 1 1 ) , t a k e s t h e equivalent form:
which r e v e a l s an i n t e r t w i n n i n g of d i r e c t and r e c i p r o c a l space with r e s p e c t t o t h e i n t e r n a l and e x t e r n a l components. These g e n e r a t e t h e following f r e e modules:
showing t h e i n t e r t w i n n i n g .
